Abstract 1-loop vacuum energies of (fuzzy) spacetimes from a supersymmetric reduced model with Filippov 3-algebra are discussed. A 2,2 algebra, Nambu-Poisson algebra in flat spacetime, and a Lorentzian 3-algebra are examined as 3-algebras.
Introduction
Gauge symmetry based on Filippov 3-algebra (or, Lie 3-algebra) [1] has been applied in the study of M-theory in recent years. It is used to write down an effective theory of multiple M2-branes ending on the M5-brane (the BLG model) [2] . Other M-theory objects such as the M5-brane are also obtained from the BLG model if one particularly choose Nambu-Poisson algebra as a 3-algebra [3] . Recently, the use of Nambu-Poisson algebra to produce the KK monopole from the BLG model was proposed [4] , and an onshell supersymmetry algebra of the non-Abelian (2,0) tensor multiplet in six dimension was written down using the 3-algebra in [5] . The Nambu-Poisson algebraic structure also naturally appears in a toy model of membrane field theory [6] .
On the other hand, there is a different approach of using 3-algebra as a tool to study multiple membranes. It is known that the Green-Schwarz type supermembrane with lightcone gauge can be regularized using large size matrices and the resulting action is supersymmetric Yang-Mills matrix quantum mechanics [7] 1 . However, if we choose a different gauge to fix the kappa-gauge symmetry, we can use the 3-bracket of Lie 3-algebra to "regularize" the membrane world volume. Because we do not take the lightcone gauge which partially breaks the Lorentz invariance of the target spacetime, the resulting models manifestly retain full Lorentz invariance. The supersymmetric reduced models with Lie 3-algebra structure in [9] were constructed on the basis of such an idea, and these are expected to be useful toy models for investigation of the fundamental natures of multiple M2-brane 2 .
There are many similarities between these reduced models in [9] and the IKKT matrix model [12] . The IKKT matrix model is a supersymmetric Yang-Mills reduced matrix models with gauge symmetry of Lie 2-algebra, and it relates to the Green-Schwarz IIB superstring through a matrix regularization of the string world sheet. From this point of view, the reduced models with 3-algebraic structure are a kind of generalization of the IKKT model 3 . Therefore, to investigate the dynamics of these 3-algebraic models, it seems to be natural to carry out analysis similar to that done for the IKKT model, In IKKT type matrix model, the matrix background describes an extended object and 1 Afterward, a large N limit of this super-Yang-Mills quantum mechanics was reinterpreted as a formulation of M-theory in the infinite momentum limit (BFSS model) [8] . 2 In these models, numbers of dimension of target spacetimes are less than eleven. Therefore, they
should be considered as toy models of the M2-brane. Supersymmetric reduced models related to a membrane in eleven dimension are discussed in [10, 11] , but they do not have complete eleven-dimensional Lorentz invariance. 3 Such generalization of the BFSS model was presented in [13] . A suggestion to use p + 1-algebra for p-branes was made in [14] the matrix model around this background yields a gauge theory on a non-commutative space described by the matrix background (see [15, 16, 17, 18, 19, 20, 21] for examples). The quantum correction of the non-commutative space is calculated in terms of the non-commutative gauge theory, and we can discuss quantum stabilities of these noncommutative space. The main motivation of this paper is to follow such analysis for the case of a reduced model with Lie 3-algebra, according to the similarity between these Lie 2-and Lie 3-algebraic models.
In this paper, we expand the reduced model with 3-algebra around a background. In general, the meaning of such background is less clear than the background of the matrix model, but we may have a gauge theory on a fuzzy spacetime nevertheless. After suitable gauge fixing it is possible to calculate the quantum correction through an analogue of the path integral. We then carry out a preliminary study of such quantum correction: investigating of 1-loop determinants around several particular backgrounds. These determinants can be interpreted as 1-loop vacuum energies of each fuzzy spacetime. The paper [9] discussed reduced models with n-algebraic structure n = 3, 4 and target space dimension D = 4, 5, 6. In the present paper, however, we only consider the minimal case of n = 3, D = 4 for simplicity.
The outline of the paper is as follows. In section 2, we review the supersymmetric reduced model with Lie 3-algebraic structure and state the subject of this paper to study. We then consider 1-loop determinants for several choices of 3-algebra. A 2,2 algebra is considered in section 3, a Nambu-Poisson algebra in section 4, and the simplest Lorentzian 3-algebra in section 5. Section 6 presents a summary and discussion.
Set Up

Reduced Model
To write the reduced model, we use the 3-algebraic structure
(a, b, c are totally anti-symmetric) which satisfies the property of the so-called fundamental identity:
where T a is generator of the 3-algebra with inner product
3)
The inverse of h ab is denoted as h ab . We also impose invariance of the metric h ab :
Imposing the condition of (2.4), f abcd = f abc e h ed becomes totally anti-symmetric.
Using these structures, the reduced model action is written as
where
, and Γ I is a SO(2, 2) Gamma matrix. Ψ is a Majorana-Weyl fermion with a projection condition Γ 5 Ψ = −Ψ. The reason for this rather unusual choice of the SO(2, 2) Gamma matrix is that the Majorana-Weyl fermion does not exist in four-dimensional ordinary Minkowski spacetime with SO(3, 1) Lorentz symmetry and Euclidean space with SO(4) Lorentz symmetry. Explicit representations of SO(2, 2) Gamma matrices are summarized in the appendix.
Symmetries of the reduced model are as follows. First, the action is invariant under an infinitesimal 3-algebraic gauge transformation:
The second symmetry of the action is a fermionic symmetry:
where ǫ is a Majorana-Weyl fermion whose projection condition is Γ 5 ǫ = ǫ, and
To have fermionic symmetry (2.7), Ψ and ǫ must be Majorana-Weyl or pseudo Majorana-Weyl fermions. Third and fourth symmetries are two shift symmetries:
where the symbol ⊙ indicates the center. The last symmetry is the SO(2, 2) Lorentz symmetry. It is discussed in [9] that if we identify (2.8) with the spacetime translation then a combination of these symmetry algebras forms the N = 1 super Poincaré algebra of the four-dimensional spacetime, up to the gauge transformation (2.6) and equations of motion.
Quantum Correction: 1-Loop Determinant
Quantum theory of the reduced model may be defined by an analogue of the path integral. Therefore we identify the integral
as the partition function. We now consider to carrying out this path integral around some background ofX I , say p µ . Taking the decomposition
where X I , φ 1 , and fermion Ψ are identified with fluctuation around p µ , integrating over X µ , φ i and Ψ gives the quantum correction of the background. We expand the action (2.5) using these fluctuations and obtain
12)
13)
14)
Here S (1) is a tadpole term that vanishes if the background p µ satisfies the equation of
In S (2) , we defined P µν as 17) and P 2 = P µν P µν , and [P µρ , P ρν ] = P µρ P ρν − P ρν P µρ . Note that we used (2.4) to obtain (2.14) and (2.15). The S (2) is the free Gaussian part and S (p>2) are identified with interaction terms. Although the Leibniz rule is not required for P µν in general, it seems to be natural to think of P 2 as an analogue of the D'Alembertian ∂ µ ∂ µ .
In the presence of background p µ , the parameter of the gauge transformation (2.6) can be expanded as
Substituting this expression into (2.6), the first term on the left-hand side of (2.18) vanishes owing to the anti-symmetry of f abcd , and the anti-symmetric combination of the second and third terms survives. Therefore, in the presence of a background, the gauge transformation (2.6) becomes
The 1-loop determinant is the simplest quantum correction of the reduced model calculated by the S (2) with a suitable gauge fixing. Here we adapt BRST gauge fixing and discuss the calculation of the 1-loop determinant. The BRST transformation for original action (2.5) can be introduced aŝ
where C ab is the FP ghost corresponding to the gauge parameterΛ ab = f abcd Λ cd . In the presence of the background p µ , we formally introduce a new ghost c µ a that is similar to (2.18)
Then the BRST transformation of X µ becomes
We also introduce the anti-ghostc We now deform the action by adding a BRST-exact term with a gauge parameter α:
Integrating our NL field B µ gives a gauge fixing term S gf and a ghost Lagrangian S gh in the form
, the quadratic part of the gauge fixing action becomes
We now formally use the Gauss-Fresnel integral of X µ , c µ ,c µ , φ i and Ψ, and thus (2.29)
gives the 1-loop determinant expressed as
Unfortunately, this formal expression is not so useful or accurate. One reason is that, as we will see later, the gauge transformation properties of fluctuations can differ depending on the structure of the 3-algebra. We need more detailed information on each 3-algebra to clarify this.
From the next section, we choose particular examples of 3-algebra and study 1-loop determinants in each case to make a primary observation of this problem.
3 A 2,2 Algebra A 2,2 algebra is a Lorentzian version of A 4 algebra. It is given by
where I, J, K, L run to 1,2,3,4 with signature η IJ = (−1, −1, +1, +1). In this section, we use A 2,2 algebra as the 3-bracket in the reduced model action. At the same time, we also think that (3.1) gives a background. Therefore, we take the decompositionX
and fluctuations X I and Ψ around p I are expanded as
A 4 algebra appears to describe S 3 , while A 2,2 algebra describes a hyperbolic space H
2,2
(AdS 3 ) [22, 23] . Because there are only four generators to expand fluctuations, this background can be considered to describe a small fuzzy AdS 3 5 .
It is now convenient to decompose X IJ as
where T is the trace part, S IJ is symmetric traceless, and A IJ is the anti-symmetric part of X IJ . From (2.19)-(2.21) gauge transformations for T, S IJ , A IJ and Ψ I are written as
5 If there is a 3-algebra that has A 4 (or A 2,2 ) as a sub-algebra, it can be used to describe larger size fuzzy S 3 (or AdS 3 ). Such 3-algebra has not yet been found [24] .
According to definitions (3.3)-(3.5), the bosonic part of the action 
Now (3.1) solves the equation of motion of the deformed reduced model:
The bosonic part of S (1) + S (2) with the deformation term becomes , where eigenvalues of P 2 are identified from coefficients of the quadratic terms. 6 However, all tachyonic modes already exceed the Breitenlohner-Freedman bound −1 < m 2 R 2 for continuum AdS 3 with a radius R = 1. Therefore, there could be instabilities due to these tachyonic modes. 7 This procedure can be done by introducing BRST ghost terms. In this case, we do not have quadratic terms of ghosts according to the form of δ λ S IJ .
We next consider the fermionic part of S (2) . To calculate the fermionic determinant, let us consider the eigenvalue equation
Using (3.14) twice, we have
Again using (3.16) twice, we have
From (3.16) and (3.17), we have the equation
Thus, four fermions have E 2 = 1 and another four have E 2 = 9. We can now perform the Gauss-Fresnel integral using S (2) with the deformation term (and gauge fixing). The 1-loop determinant then becomes
A summary of this section is as follows. We considered the reduced model with A 2,2 algebra, and expanded it around a background described by A 2,2 generators. We encountered many negative norm states, tachyonic modes, and a tadpole term if we use original action (2.5). We then deformed the action with a forth-oder term, and the resulting action does not suffer from the above problems. After gauge fixing of the deformed action, there are no quadratic terms of A IJ , S I =J , and gauge-fixing ghosts. The 1-loop determinant was then calculated in (3.19) using eigenvalues P 2 and Γ IJ P IJ of T , S I=J , and fermions.
The fermionic symmetry (2.7) is no longer a symmetry of the deformed action (3.11), but this action is invariant under the new fermionic symmetry:
Although the background (3.1) satisfies δ χ Ψ = 0, the bosonic and fermionic determinants do not completely cancel each other. Probably this implies an effects of curved spacetime. A similar effect has been reported for the matrix model on the fuzzy sphere [25] .
Nambu-Poisson Algebra
In this section, we use a Nambu-bracket: [ , , ] = −i{ , , } N P , where
with a signature η µν = diag(−1, −1, +1). We take p µ = x µ as the background, and expansion around the background iŝ
2) 
From (2.6), the gauge transformations of these fluctuations become
To calculate the 1-loop determinant, we need to fix a gauge of b µν . For this purpose, we deform the action with a BRST exact term:
where c µ andc µ are the ghost and anti-ghost respectively, B µ is the NL field, and α 1 is a gauge parameter. BRST transformations of these fields are defined as
After integration of B µ in (4.9), we have a gauge fixing term L gf and ghost Lagrangian L gh :
(4.12)
, the quadratic part of the Lagrangian density becomes
It is well known that this is not the end of the gauge-fixing procedure. The ghost Lagrangian now has gauge symmetry, which is a consequence of the gauge parameter λ µ itself having gauge symmetry. We need to fix this gauge freedom by introducing another gauge fixing term for the ghost Lagrangian. For this purpose, we again deform the Lagrangian by introducing another BRST-exact term: 
together with (4.10). We now consider the gauge boson part
First, integrating out B µ gives
Second, by integrating out ρ andρ, we obtain
Third, we shift the ghost as c µ + i
∂ µ σ → c µ , but this dose not change the ghost kinetic term. Thus, under a choice of gauge parameters 20) the quadratic part of the gauge-fixing Lagrangian becomes
The 1-loop determinants of b µν and ghosts are then
Therefore, the entire contribution from b µν is canceled by ghosts and ghosts for ghosts. The 1-loop determinant from the gauge field b µν turns out to be trivial in itself. This implies that b µν dose not have physical degrees of freedom.
Next we consider the 1-loop determinant from ψ. From
the determinant becomes det 1/2 (i ). This is canceled by the 1-loop determinant det −1/2 (i ), which comes from φ. Therefore, the whole 1-loop determinant equals to be 1: i.e., there is no vacuum energy. This is as expected from supersymmetry in flat space.
So far, we have considered the background of the reduced model p µ = x µ , but we may take a more general background p µ = p µ (x). In this case,
[P µν , P ρσ ] is generally non-vanishing. One can follow the discussion in section 2 and reach a gauge-fixed quadratic action (2.29). Next, writingP µ = 1 2 ǫ µνρ P νρ , the action becomes
(We changed the sign of the ghost kinetic term in (2.29) with a suitable choice of the BRST-exact term.). If one rewrites X µ as b µν = ǫ µνρ X ρ , the obtained action is almost the same as (4.13) except for the existence of terms such as [P ,P ]. We can then repeat the procedure to introduce ghosts for ghosts and calculate the 1-loop determinant. The gauge boson and ghost Lagrangian with gauge fixing terms becomes
where we included the tadpole term from S (1) . This term does not affect the 1-loop determinant itself, but it shifts the vacuum energy. The term for mixing betweenc µ and σ:c µ [P µ ,P ν ](P ν σ) begins to contribute from the 2-loop through interaction vertexes, and thus, we ignore it at this stage. The 1-loop determinant from the gauge boson and ghosts sector is then 26) and the vacuum energy shift due to the tadpole is −s
The fermionic part of the 1-loop determinant also has the correction of [P ,P ], and is calculated as det
. Adding the contribution of φ, we obtain the whole result. Here we show the result in terms of vacuum energy:
Note that there is a supersymmetric cancellation of logP 2 , but terms due to the [P ,P ] correction are non-vanishing. These corrections are due to deviation from flat commutative spacetime. Here the similarity to the matrix model on the fuzzy sphere is more evident than in the previous section.
A summary of this section is as follows. We considered Nambu-Poission algebra as the 3-algebra. In this case, the gauge symmetry becomes to reducible symmetry. As a consequence, bosonic fluctuations can be written as one 2-form gauge potential and one scalar in three-dimension. To handle this reducible gauge symmetry, we introduced ghosts for ghosts employing the BRST gauge fixing procedure. The 1-loop determinant of the 2-form gauge potential turns out to be trivial itself if the background gives flat spacetime. This is consistent with an expectation that there are no physical degrees of freedom for the 2-form gauge field in three-dimensional spacetime. 1-loop determinants of the scalar boson and fermion cancel each other. The total 1-loop vacuum energy is then zero as expected from the supersymmetry in flat three-dimensional spacetime. Next we considered backgrounds that give non-zero [P ,P ]. In this case, supersymmetric cancellation is not perfect and the 1-loop vacuum energy has subleading remnants.
Finally, instead of using the Nambu-Poisson bracket, we may consider using the quantum Nambu-Poisson bracket. Formally it seems to be parallel, and one can reach the formula (4.28) for the 1-loop vacuum energy of a quantum background. However, it is pointed out in [26] thatP µ for the quantum Nambu-bracket no longer satisfies the Leibniz rule. To find a set of eigenfunctions will be a more difficult problem.
Lorentzian 3-Algebra
In this section we use a Lorentzian 3-algebra as the 3-algebra. Generators of the algebra are denoted as
Here T i are generators of a Lie algebra, and satisfy
with the inner product
We expandX I and Ψ aŝ
Substituting these, the action (2.5) becomes
The gauge transformations of each Φ −1 , Φ 0 , Φ i are
i , (5.5)
These expressions imply that each Φ −1 , Φ 0 and Φ i should be treated in different ways. Φ −1 does not appear in the action (5.4) ; therefore the integral DΦ −1 factors out from the partition function (2.10). Φ 0 does not have gauge transformation and is similar to coupling constants in a matrix model rather than the "matrix field" Φ i . Therefore, in contrast with the case for Φ i , it is better not to decompose Φ 0 to a background and fluctuations.
Hence, the reduced model action has SO(2, 2) symmetry, and we may choose particular frames of x I to carry out the integral Dx I , using this symmetry. They are separated into sectors:
In each sector, the x I integral reduces to
In the following, we consider partition functions of these regions separately.
Case (I)
We choose the frame (5.8). The action (5.4) becomes
where i, j = 1. We can eliminate u-dependence in the action with a rescaling:
To see the effect of Ψ 0 , we integrate out ψ first. The resulting action is
where adX j = [X j , ]. We now recall that Ψ 0 is a two-component real spinor, and thus, the integration of Ψ 0 is easily done. Thus, the partition function after the Ψ 0 integral, up to a volume factor, is
Tr
The factor u 
Thus, the leading contributions of the fluctuation log P 2 term cancel each other. In addition to the non-vanishing subleading contributions in (5.16), here we have another source of a contribution to the 1-loop effective action that comes from the Ψ 0 integral:
The aspect of the spacelike case (II) is almost the same except for some changes of signs. Therefore we next consider the null case (III).
Case (III)
The vector x I is null in the case (III). These are two cases of the choice of the vector
Here we discuss in the case of the ′′ + ′′ sign. The other choice gives a similar result. Substituting the expression of x I , the reduced model action becomes (1−ng )
up to a volume factor, where
Using the explicit representation of gamma matrices in the appendix, we calculate 20) where the Weyl projection is used to obtain the last line. On the other hand, the result of the Ψ 0 integral (second line in (5.19)) gives a contribution to the 1-loop effective action:
A summary of this section is as follows. We used a simple Lorentzian 3-algebra. According to SO(2,2) symmetry, the path integral can be separated into sectors in which x I is timelike, spacelike, and a null vector respectively. In the case that x I is timelike (or spacelike), the integral over u(= |x I |) and X 1 (or X 4 ) gives divergences, which may indicate that the reduced model prefers the configuration u = ∞ and X 1 = 0 (or X 4 = 0).
We fixed these by hand and considered the integration over fluctuations around these configurations. Calculation of the 1-loop determinant is almost the same as in the case of the three-dimensional super-Yang-Mills matrix model, except for a new contribution comes from the Ψ 0 integral. This contribution has a non-vanishing effect on the 1-loop vacuum energy. Next we considered the case that x I is a null vector. The integral over X 1 , X 4 and u gives divergences. We fixed these value by hand, and considered to X i=2,3 and ψ as fluctuations to be integrated. In this case, the 1-loop determinant of these bosonic and fermionic fluctuations cancel each other, after including a factor due to diagonalizing Z that corresponds to the gauge ghost determinant. In addition, there is a term from the Ψ 0 integral that makes a non-vanishing contribution to the 1-loop vacuum energy.
Summary and Discussion
In this paper, we considered a supersymmetric reduced model with 3-algebraic structure, and several examples of 3-algebra were used to calculate 1-loop determinants around backgrounds that describe (fuzzy) spacetimes. Although we can have a formula of the 1-loop determinant like (2.30), without further specification of the 3-algebra, it is neither useful nor accurate. We found that the reason for this is that the behavior of various fluctuations differ depending on the choice 3-algebra. There are modes that do not appear in the quadratic part of action (section 3). Or, each of these modes can have different gauge transformation property; in particular, some of them do not transform (section 5). Moreover, there are cases that the gauge transformation becomes reducible (section 4). This observation suggests that we need to classify the 3-algebra before constructing a generic formula for the quantum correction. The study of such a systematic procedure is a future problem. Among the 3-algebras that we investigated, the Lorentzian 3-algebra is closest to IKKT type matrix models. From this view point, investigating this class of 3-algebra appears interesting. Several realizations of 3-algebras in this class have been found [27] and a more formal argument has been developed [24] . Interesting results are expected using these algebras. The 1-loop determinants evaluated in this paper can be identified with 1-loop vacuum energies of corresponding (fuzzy) spacetimes. We found non-vanishing results even in the supersymmetric model. These results can be used for stability analysis of various background spacetimes of the reduced model. Including the evaluation of the higher loop effect, this is one future direction with a viewpoint similar to that of [28] . In the case of Lorentzian algebra, we found that the vacuum energy receives a new effect originating from the Ψ 0 integral, in addition to the known results of the IKKT type matrix model. Therefore, we expect that the effects from the M-theory direction give a correction to the stability analysis done by the IKKT type matrix model. Finally, we point out that our analysis is applicable to the model that is the dimensional reduction of the BLG model to zero dimension, discussed in [11] . This model relates to a supermembrane in eleven-dimension within a low derivative approximation. The action is
The main difference from the model in this paper is the existence of the Chern-Simon type gauge boson A µ ab . Now let us consider the relevant part to the 1-loop determinant from the quadratic term of A µ ab . In the case of Nambu-Poisson algebra, for example, it can be written as For a more general introduction of the SO(t, s) Gamma matrix and fermion, see [9] and the references therein.
